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Abstract
In this paper rooted near-4-regular maps on the plane and the torus are counted with formulae
with respect to four parameters: the root valency, the number of edges, the inner faces, and
nonroot-vertex loops. In particular, the number of rooted near-4-regular maps on those surfaces
with exactly k nonroot-vertex loops is investigated. ? 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction
A surface is a compact closed 2-manifold. An orientable (a nonorientable) surface
of genus g is a sphere with g handles (or crosscaps) which is denoted by Sg (or Ng).
A map M on (or embedded on) Sg (or Ng) is a graph drawn on the surface so that
each vertex is a point on the surface, each edge {x; y}; x = y, is a simple open curve
whose endpoints are x and y, each loop incident to a vertex x is a simple closed curve
containing x, no edge contains a vertex to which it is not incident, and each connected
region of the complement of the graph in the surface is homeomorphic to a disc and
is called a face. A map is rooted if an edge, a direction along the edge, and a side
of the edge are all distinguished. If the root is the oriented edge from u to v, then u
is the root-vertex while the face on the distinguished side of the edge is de7ned as
the root-face. A rooted map on a surface is near-4-regular map if all its vertices are
4-valent except possibly the root vertex. One may see, of course, that such maps are
∗ Corresponding author.
0166-218X/01/$ - see front matter ? 2001 Elsevier Science B.V. All rights reserved.
PII: S0166 -218X(00)00251 -1
274 H. Ren, Y. Liu /Discrete Applied Mathematics 110 (2001) 273–288
Eulerian. It is well known that a map has a Eulerian trail if and only if it has at most
two odd vertices. If those two possible odd vertices are marked in such a way that one
is the root-vertex while the other is not identi7ed with the former, then it is called a
rooted near-Eulerian map. By a rooted near-4-regular Eulerian map we mean that all
its vertices are 4-valent except possibly the two distinguished possible odd vertices.
Enumeration of maps on surfaces, a theory based on the works by Tutte [22–25],
has been developed and deepened by people such as ArquCes [1], Brown [8,9], Mullin
and Schllenberg [21], Tutte [26], Walsh and Lehman [27], Bender [2], Bender and
Can7eld [3], Bender et al. [4,5], Bender and Richmond [6], Bender and Wormald [7],
Gao [11,12], and Liu [15,20]. Among them, ArquCes, Brown, and Walsh and Lehman
did some inFuential works on the (exact) enumeration of nonplanar maps. As for the
case of toroidal maps, both ArquCes [1] and, independently, the team of Bender and
Can7eld [3] have counted rooted maps on the torus as a function of the number of
edges. It is well known that any kind of nonplanar maps are very diGcult to handle in
an exact way, especially those of nonplanar 4-regular maps, without loops (although
Walsh and Lehman [27] did some work on rooted nonplanar Eulerian maps in a general
way). Bender et al. and later Gao did the most extended work in the 7eld of asymptotic
evaluation of nonplanar maps. For a survey one may see [6].
Four-regular (or quartic maps as some scholars called them) are very important
in many 7elds. 4-regular have been used for rectilinear embedding in VLSI, for the
Gaussian crossing problem in graph theory, for the knot problem in topology and,
for the enumeration of some other kinds of maps [16–20]. Rooted 4-regular planar
maps (or their duals: quadrangulations) have been investigated by many scholars such
as Tutte [25], Brown [10], Mullin and Schellenberg [21], and Liu [20,14]. The aim
of this paper is to extend the pioneers’ earlier works and investigate the exact num-
ber of rooted 4-regular maps on the sphere and the torus. The main results of this
paper are: (1) The enumerating function of rooted (near-)4-regular maps with given
number of nonroot-vertex loops on the sphere is presented. With this, several known
formulae are deduced (for example, that for trees by Tutte [26]). (2) The number
of rooted planar near-4-regular Eulerian maps is investigated and its relation with
near-4-regular toroidal maps is revealed (the former is also a nonplanar map prob-
lem and never been studied before). (3) Rooted (near-)4-regular toroidal maps without
loops are counted with respect to the root-valency, the number of edges, the num-
ber of nonroot-vertex loops and inner faces. More generally, a formula for rooted
(near)4-regular maps on the torus with exactly k nonroot-vertex loops is given. In par-
ticular, some known results on the torus (for instance, a formula for one-faced maps
due to Walsh and Lehman [27]) are deduced.
Let U0 and UT be, respectively, the sets of rooted near-4-regular maps on the plane
and the torus and U be the set of rooted near-4-regular planar Eulerian maps.
Suppose that their enumerating functions are, respectively,
f0(x; y; z; t) =
∑
M∈U0
x2m(M)ys(M)zn(M)t(M);
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fT(x; y; z; t) =
∑
M∈UT
x2m(M)ys(M)zn(M)t(M);
f(x; y; z; t; u) =
∑
M∈U
xm(M)ys(M)zn(M)t(M)u(M);
where 2m(M) (or m(M) if M ∈ U); s(M); n(M); (M), and (M) (M ∈ U) are,
respectively, the root-valency, the number of edges, the number of inner faces, the
number of nonroot-vertex loops, and the valency of the marked possible odd vertex
other than the rooted one (M ∈ U) of M .
The following theorem will be proved in Section 2:
Theorem A. The function f0 = f0(x; y; z; t) satis@es the following equation:
x4yzf20 + (2x
2y2z(t − 1) + y − x2)f0 + 2x2y2z(1− t) + x2 − y − x2yh= 0; (1)
where h is the coeBcient of x2 in f0(x; y; z; t) and the explicit solution of (1) is
f0 =
∑
m¿1
n¿m
∑
l¿0
C(m; n; l)y2(n+l)−m−1zn+l−1(t − 1)lx2(m−1); (2)
in which
C(m; n; l) =
2l3n−m(m− 1)
(2n− m)(2n− m− 1)
(
2m− 2
m− 1
)(
2n+ l− m− 2
l
)(
2n− m
n
)
:
Remark. Eq. (1) generalizes a result of Liu [16] (the case of t = 1). If we consider
the distribution of t, then some other results may be deduced.
Theorem 1 (Liu [16]). The enumerating function of rooted planar near-4-regular maps
is
f0(x; y; z; 1) = 1 +
∑
m¿2
n¿m
3n−m(2m− 2)!(2n− m− 2)!
(m− 1)!(m− 2)!(n− m)!n! y
2n−m−1zn−1x2(m−1):
Since maps on surfaces must obey Euler’s formula, a classical formula for rooted
trees may be obtained:
Theorem 2 (Tutte [26]). The enumerating function of rooted tree is
@(yf(x; y; y−1; 1))
@y
∣∣∣∣
y=0
=
∑
m¿1
1
m
(
2m− 2
m− 1
)
x2m−2:
If we consider the coeGcient of tk in f0, then we have
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Theorem 3. The enumerating function of the maps in U0 with exactly k non-root-
vertex loops is
1
k!
@kf0
@tk
∣∣∣∣
t=0
=
∑
m¿1
n¿m
∑
l¿k
(−1)l−k2l3n−m(m− 1)
(2n− m)(2n− m− 1)
(
l
k
)(
2m− 2
m− 1
)
(
2n+ l− m− 2
l
)(
2n− m
n
)
y2(n+l)−m−1zn+l−1x2(m−1):
We now consider the case of loopless maps. Let t = 0, then all the loops disappear
except those on the root-vertex. In order to eliminate the loops on the root-vertex, 2
types of maps must be excluded since each maps of those types will induce a loop after
shrinking the root-edge. It is clear that such maps consist of a rooted near-4-regular
map with its root-valency 2 and a cycle of length 2 which has two ways to be rooted.
Thus, their enumerating function is
2y2h;
i.e.,
Theorem 4. The enumerating function of rooted planar 4-regular maps without loops
is
(1− 2y2z)
y
{
1
2!
@2f0(x; y; z; 0)
@x2
∣∣∣∣
x=0
− yz
}
=(1− 2y2z)


∑
n¿2
l¿0
(−1)l2l3n−2
(2n− 3)(n− 1)
(
2n− 2
n
)
(
2n+ l− 4
l
)
y2(n+l−2)zn+l−1 − z

 :
By Theorem 4 one may determine the number of rooted 4-regular planar maps
without loops by edges, i.e., the number of those having 2m edges is
Am − 2Am−1
with
Am =
∑
l+n=m
(−1)l2l3n
(2n+ 1)(n+ 1)
(
2n+ 2
n
)(
n+ l
l
)
:
For instance, there are 10 distinct rooted loopless 4-regular planar maps as shown
in Fig. 1.
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Fig. 1.
Remark. Some other results may be further obtained if the special values of x and t
are considered. For instance,
1
k!4!
@k+4f0(x; y; z; t)
@x4@tk
∣∣∣∣
x=t=0
is the enumerating function of those 4-regular maps in U0 having exactly k nonroot-
vertex loops.
Next, we give a formula for rooted near-4-regular Eulerian maps on the plane.
Theorem B. The enumerating function of U is
f=
xu√
1− vx2
∑
m¿1
n¿m
∑
l¿0
C(m; n; l)y2(n+l)−m−1zn+l−1(t − 1)lNm
Nx
∣∣∣∣∣∣∣∣
√

x
+
x2u2√
1− vx2
∑
m¿2
n¿m
∑
l¿0
C(m; n; l)y2(n+l)−m−1zn+l−1(t − 1)lNm−1
Nx
∣∣∣∣∣∣∣∣
√

x
−xy
2zu2(1− t) (u2f0(u; y; z; t)− f0(√; y; z; t))
{1 + y2z(1− t)}(u2 − )√1− vx2 ;
where C(m; n; l) is de@ned in Theorem A and (as shown later)
v=
2
y
; =
y
1− − 2y2z(t − 1) ; =
4y2z
2− 4y2z(t − 1)− 3 (3)
and
m(x; u) =
x2m − u2m
x2 − u2 x
2;
Nm
Nx
∣∣∣∣
a
b
=
m(a; u)− m(b; u)
a2 − b2 :
Remark. From Theorem B one may 7nd that the enumerating function of rooted
near-Eulerian maps in U with two odd vertices is
f=
xu√
1− vx2
∑
m¿1
n¿m
∑
l¿0
C(m; n; l)y2(n+l)−m−1zn+l−1(t − 1)lNm
Nx
∣∣∣∣∣∣∣∣
√

x
+
x2y2zu(t − 1) (u2f0(u; y; z; t)− f0(√; y; z; t))
{1 + y2z(1− t)}(u2 − )√1− vx2 :
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Fig. 2.
If we consider the case of such rooted near-4 regular Eulerian maps on the plane
with 2 vertices of valency 1, then their enumerating function is
@2f
@x @u
∣∣∣∣
x=u=0
=
∑
m¿1
n¿m
∑
l¿0
C(m; n; l)y2(n+l)−m−1zn+l−1(t − 1)lm
+
∑
m¿1
n¿m
∑
l¿0
C(m; n; l)y2(n+l)−m+1zn+l−1(t − 1)l+1m+1
1 + y2z(1− t) :
According to this, one may 7nd the number of such maps by edges. For instance,
there are 14 such maps with 5 edges as shown in Fig. 2.
This may induce a function for such rooted 4-regular maps with their root-edges
as essential loops and destroying a handle on the torus. Furthermore, the enumerating
function of rooted planar maps with exactly two vertices marked, respectively, by x
(for the root-vertex) and u is
xu√
1− 4x2
∑
m¿0
1
m+ 1
(
2m
m
)
x2m+1 − u2m+1
x − u :
From this one may get a kind of rooted one-vertex maps on the torus by identifying
the two vertices and then adding a loop coiling a handle, i.e., those with their root-edges
as essential loops. Hence, their enumerating function is
1√
1− 4x2
∑
m¿0
(2m+ 1)
(
2m
m
)
x2m+4:
Now we state our results on the torus. From Theorem B, we have
Theorem C. The enumerating function of rooted near-4-regular maps on the torus is
fT =
x2
(− x2)√1− vx2
{
x2y(t − 1) @
@u
(
@f
@x
∣∣∣∣
x=0
)∣∣∣∣
u=x
+ x3
@f
@u
∣∣∣∣
u=x
}∣∣∣∣
√

x
: (4)
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Fig. 3. Fifteen distinct rooted toroidal 4-regular maps with 4 edges.
As a direct consequence of Theorem C, we have a result due to Walsh and
Lehman [27].
Theorem 5. The enumerating function of rooted one-faced maps on the torus is
@((1=y)fT (x; y; y−1; 1))
@y
∣∣∣∣
y=0
=
1
1− 4x2
∑
m¿0
(2m+ 1)
(
2m
m
)
x2m+4:
Applying Theorem C for regular maps, we get
Theorem 6. The enumerating function of rooted 4-regular maps (which may have
loops) on the torus is
1
y
(
x3
@f
@u
)∣∣∣∣
u=x=
√
; t=1
=
1√
1− v
∑
m¿1
n¿m
(
4
(
m+ 1
3
)
+
(
m+ 1
2
))
×C(m; n; 0)y2(n+l)−m−2m+2;
where =y=(1−); v=2=(1−) (and by applying Lagrangian inversion [13; pp: 17; 18]
for (3));
 k+l =
∑
s¿k+l
(2y2z)s(k + l)
s!
D(s−1)=0
{
 k+l−1
(1− 32)s
}
for k + l¿1.
Thus, the number of rooted toroidal 4-regular maps with 2e edges is∑
n+l+q=e
n¿m¿1
q¿k+p
2p3q−k−p(k + p)C(m; n; 0)
q
(
4
(
m+ 1
3
)
+
(
m+ 1
2
))
(
2k
k
) (
m+ k + p+ 1
p
) (
2q− k − p− 1
q− 1
)
:
Based on this, we can calculate the elements in UT . For instance, there are 15
distinct rooted toroidal 4-regular maps with 4 edges as shown in Fig. 3.
We now consider the situation of loopless maps. Let t=0; then all the nonroot-vertex
loop disappear by our assumption. But it is still possible that loops may appear on the
root-vertex by the de7nition. In order to eliminate the eOects of loops on the root-vertex,
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Fig. 4.
there are three types of maps (as shown in Fig. 4) must be excluded since each map
of such types will indeduce a loop after shrinking the root-edge.
Maps which have the structures as M1 are composed of a planar (i.e., contractible)
cycle of length 2 and a map in UT (2). Hence, their enumerating function is
2yFT (2);
where FT (2) is the coeGcient of x2 in fT . Those of the types of M2 have their
enumerating function as
y2
(
@2f
@x @u
∣∣∣∣
u=x=0
− y
)
:
Theorem 7. The enumerating function of rooted loopless 4-regular maps on the torus
is
(1− 2y2)
y
{(
x3
@f
@u
∣∣∣∣
u=x
− x2y @
@u
(
@f
@x
∣∣∣∣
x=0
)∣∣∣∣
u=x
)∣∣∣∣
x=
√

− y
(
@2f
@x @u
∣∣∣∣
u=x=0
− y
)}
:
Applying Lagrangian inversion [13, pp. 17,18] for (3), one may 7nd that the number
of rooted loopless 4-regular toroidal maps with 2e(¿4) edges is
X (1; e)− X (2; e)− 2(X (1; e − 1)− X (2; e − 1))− X (3; e);
where
X (1; e) =
∑
n+l+q+s=e
n¿m¿1
q¿k+p
L(m; n; l; k; p; q; s)M (k; m+ 1; p; q; s)
×
(
4
(
m+ 1
3
)
+
(
m+ 1
2
))
;
X (2; e) =
∑
n+l+q+s=e
n¿m¿1
q¿p
L(m; n; l; 0; p; q; s)M (0; m; p; q; s)m2;
X (3; e) =
∑
n+l+q+s=e
n¿m¿1
q¿p
L(m; n; l; 0; p; q; s)M (0; m− 1; p; q; s)m2
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with
L(m; n; l; k; p; q; s) = (−1)l+s2p+s3q−k−pC(m; n; l)
× (k + p)
q
(
2k
k
)(
2q− k − p− 1
q− 1
)
;
M (k; m; p; q; s) =
(
m+ k + p
p
)(
m+ 2q+ s
·
)
:
Based on Theorem 7, one may 7nd an explicit formula for those of the loopless in
UT , the set of rooted toroidal near-4-regular maps, although it looks somewhat more
complicated than that of Theorem 2. More generally, we have
Theorem 8. (1) The enumerating function of those rooted near-4-regular maps in UT
having exactly k nonroot-vertex loops is
1
k!
@kfT
@tk
∣∣∣∣
t=0
:
(2) The enumerating function of those rooted 4-regular maps in UT having exactly
k nonroot-vertex loops is
1
4!k!
@k+4fT
@kt @4x
∣∣∣∣
t=0
:
2. Equations for planar maps
In this section we shall prove Theorems A and B. Let us 7rst de7ne an operation
on maps.
Given two maps M1 and M2 with roots r1 = r(M1) and r2 = r(M2), respectively, we
de7ne M =M1 	M2 to be the map obtained by identifying the root-vertices and the
root-faces of M1 and M2 and rooting M at r1. The operation for getting M from M1
and M2 is called a 1v-production. Further, for two sets of maps M1 and M2, the set
of maps
M1 	M2 = {M1 	M2 |Mi ∈Mi ; i = 1; 2}
is said to be the 1v-production of M1 and M2.
The set U0 may be partitioned into three parts as
U0 = #+U10 +U
2
0;
where # is the vertex map and
U10 = {M | er(M) is a loop};
U20 = {M | er(M) is a link}:
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Lemma 2.1. Let U1〈0〉 = {M − er(M) |M ∈ U10}. Then U1〈0〉 =U0 	U0.
Proof. For a map M ∈ U0, the root-edge er(M) is a loop. The two regions determined
by er(M) are elements of U0. Since this procedure is reversible, U1〈0〉 =U0 	U0.
Lemma 2.2. Let U2(0) = {M · er(M) |M ∈ U0}. Then U2(0) =U0 − # −U0(2), where
U0(2) is the set of those in U0 whose root-valencies are 2.
Proof. Notice that the shrinking of the root-edge of a map in U20 will result in an
element in U0 whose root-valency is not less than 4. Thus, U2(0) is a subset of U0 −
#−U0(2).
On the other hand, splitting the root-vertex of a map in U0 − # −U0(2) will lead
to a map in U2. Hence, U0 − #−U0(2)⊆U2(0).
As for the set U2(0), it may be further partitioned into another three parts as
U2(0) =U
21
(0) +U
22
(0) +U
23
(0);
where
U21(0) = {M | er(M) is a loop};
U22(0) = {M | ePr (M) is a loop};
in which P is the rotation of M at vr .
Lemma 2.3. The contributions of U21(0) and U
22
(0) are the same as x
2yz(f0 − 1).
Proof. By the de7nition of U21(0); U
21
(0) =L 	 (U0 − #), where L is the loop map.
Hence, the contribution of U21(0) is f
21
(0) = x
2yz(f0 − 1). In the same way, we have
f22(0) = x
2yz(f0 − 1) (here f22(0) is the contribution of U22(0)).
By Lemmas 2.2 and 2.3, we see that the contribution of U23(0) is
f23(0) = (f0 − x2h− 1)− 2x2yz(f0 − 1); (5)
where h is the contribution of U0(2).
Since only maps in U21(0) or U
22
(0) can possibly produce a nonroot-vertex loop after
splitting the root-vertex into two, we have (from Lemma 2.3 and (5)),
f2 =
yt
x2
(2x2yz(f0 − 1)) + yx2 (f0 − x
2h− 1− 2x2yz(f0 − 1)): (6)
This together with Lemma 2.1 implies (1) of Theorem A.
Now let us determine an explicit solution of (1) in Theorem A (i.e., the function
f0(x; y; z; t)) completely.
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Let N be the discriminant of (1) and N = (y + ux2)2(1− vx2), then by comparing
the coeGcients of x2; x4, and x6 we may obtain a system of equations:
u2v= 8y3z2(1− t) + 4yz(1− yh);
u2 − 2uvy= (1− 2y2z(1− t))2 + 4y2z;
2uy − vy2 =−2y(1 + 2y2z(t − 1)):
Suppose = u+ 1 + 2y2z(t − 1). Then
v=
2
y
; =
4y2z
2− 4y2z(t − 1)− 3 : (7)
Extracting the function f0 from (1) and expanding
√
1− vx2 into a power series,
we obtain
f0 =
1
2x4yz
{x2 − y − 2x2y2z(t − 1) +
√
N}
=
1
2x4yz
{
x2 − y − 2x2y2z(t − 1) + (y + ux2)
(
1−
∑
m¿1
mvmx2m
)}
=
1
2x4yz
∑
m¿1
m
{
1 + 2y2z(t − 1)− 3m
m+ 1
}
2m mx2m+2
ym
;
where
m =
(2m− 2)!
22m−1m!(m− 1)! :
Applying Lagrangian inversion [13, pp. 17, 18] to (7) and  m (m¿1) and substitut-
ing this into f0(x; y; z; t), our Theorem A immediately follows.
We now prove Theorem B.
The set U may be partitioned into two parts as
U=U1 +U2;
where U1 = {M | er(M) is a loop}.
Further, we have
U2 =U21 +U22;
in which U21 = {M | the both ends of er(M) are the marked possible odd vertices}.
Lemma 2.4. Let U〈1〉 = {M − er(M) |M ∈ U1}. Then,
U〈1〉 =U0 	U+U	U0;
where U0 is the set of all the rooted near-4-regular maps on the plane.
Proof. For a map M ∈ U1; er(M) is a loop. The two regions determined by er(M)
are, respectively, two kinds of maps, one in U0 and the other in U.
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Lemma 2.5. Let U(2i) = {M · er(M) |M ∈ U2i}, i = 1; 2. Then,
U(21) =U0; U(22) =U−U(1)−U(2);
where U(i) is the set of maps in U whose root valency is i; i = 1; 2.
Proof. For any map M ∈ U21; er(M) contains the only two possible non 4-valent
vertices. So, shrinking er(M) will lead to a map M · er(M) ∈ U0. On the other hand,
by splitting the root vertex into two, a map in U0 may produce several elements in
U21. This shows the 7rst relation. As for the second one, we may see its validity if
the “shrinking–splitting” procedure is used.
Let f1 and f2i be, respectively, the contributions of U1 and U2i (i=1; 2). Then by
Lemmas 2.4 and 2.5,
f1 = 2x2yzf0f; (8)
f21 = y
∑
M∈U0
m(M)∑
i=0
xm(M)−i+1ys(M)zn(M)t(M)ui+1
=
xyu
x − u (xf0(x; y; z; t)− uf0(u; y; z; t)): (9)
The set U22 may be further divided into several parts as
U22 =U122 +U
2
22 +U
3
22;
according to
U122 = {M | er(M) is a loop and d(vr)¿4};
U222 = {M | ePr (M) is a loop and d(vr) = 3};
where P is the rotation of M at the root-vertex.
Hence, the contributions of Ui22 (i = 1; 2; 3) are, respectively,
f122 = 2
yt
x2
(x2yzf); f222 = 2
yt
x2
(x3yzF(1)); (10)
f322 =
y
x2
(f − xF(1)− x2F(2)− 2x2yzf − 2x3y2zF(1)); (11)
in which F(i) is the coeGcient of xi in f(x; y; z; t; u) (i = 1; 2).
From Eqs. (8)–(11),
f= 2x2yzf0f + 2y2ztf + 2y2zxtF(1)
+
xyu
x − u (xf0(x; y; z; t)− uf0(u; y; z; t))
+
y
x2
(f − xF(1)− x2F(2)− 2x2yzf − 2x3y2zF(1)):
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This may be rewritten as
√
Nf= y
{
xF(1) + 2x3y2z(1− t)F(1) + x2F(2)
− x
3u
x − u (xf0(x; y; z; t)− uf0(u; y; z; t))
}
; (12)
where N is the discriminant of (1) in Theorem A.
Remark. In view of the form of (12), one may see that the determination of f(x; y;
z; t; u) is in fact involved in the nonplanar maps.
If we write N = y2(1 − x2=)2(1 − vx2), then after comparing the coeGcients of
x2; x4, and x6 we may obtain a system of equations (3). Further, by the de7nition of
F(i) (i = 1; 2) and the fact that  is a double root of N,
F(1) =
u(u2f0(u; y; z; t)− f0(√; y; z; t))
(u2 − )(1 + 2y2z(1− t)) ;
F(2) =
u2
u2 −  (f0(u; y; z; t)− f0(
√
; y; z; t)):
Substituting this into (12), our Theorem B immediately follows.
3. Toroidal maps
In this section we concentrate on the establishment of Theorem C. Let us begin with
a partition of UT :
UT =U1T +U
2
T ;
where U1T = {M | er(M) is a loop}.
Similarly to Lemma 2.5 we have
Lemma 3.1. Let U2(T )={M · er(M) |M ∈ U2T}. Then U2T=UT−UT (2), where UT (2)
is the set of those in UT whose root-valencies are all 2.
A circuit C on a surface , is called essential if , − C has no connected region
homeomorphic to a disc; otherwise, it is planar (or trivial as some scholars named it).
A loop is called essential if it is an essential circuit; otherwise it is called planar or
trivial. Since loops on the torus may be nonplanar, we have to divide U1T into two
parts as follows:
U1T =U
11
T +U
12
T ;
in which U11T = {M | er(M) is a planar loop}.
As we have reasoned in Lemma 2.1, one may prove
Lemma 3.2. Let U11〈T〉 = {M − er(M) |M ∈ U11T }. Then U11〈T〉 =U0 	UT +UT 	U0;
and thus the contribution of U11T is f
11
T = 2x
2yzf0fT .
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Fig. 5.
As for the set U12T , we have
Lemma 3.3. The contribution of U12T is f
12
T = x
3y @f=@u|u=x.
Proof. Firstly, we notice that for any map M ∈ U12T ; er(M) is an essential loop.
Cutting of the root-vertex into two along er(M) and then removing the two sides of
it will result in a map, say M ′, in U. It is clear that this procedure is reversible.
Secondly, a map M ∈ U may correspond to several elements in U12T . In fact, M has
two possible non-4-regular vertices marked by x and u, respectively. The one indicated
by u is not adjacent to the root-vertex and has (M) corners around itself. Further,
for each corner, identifying the two vertices into one, the root-vertex, and then adding
an essential loop to it may produce diOerent maps in U12T . Thus, M has exactly (M)
maps in U12T corresponding to it, i.e., f
12
T = x
3y @f=@u |u=x.
Now we turn to the set U2(T ). Again we notice that splitting the root-vertex into two
may produce nonroot-vertex loops; so we must divide U2(T ) into several more parts as
U2(T ) =
4∑
i=1
U2i(T );
where elements in U2i(T ) (i = 1; 2; 3) have the structures depicted in Fig. 5.
Thus (from those and Lemma 3.1), the contributions of U2i(T ) (i = 1; 2; 3; 4) are,
respectively,
U21(T ):f
21
T =
yt
x2
(x2yzfT );
U22(T ):f
22
T =
yt
x2
(x2yzfT );
U23(T ):f
23
T =
yt
x2
(
x4y
@
@u
(
@f
@x
∣∣∣∣
x=0
)∣∣∣∣
u=x
)
;
U24(T ):f
24
T =
y
x2
(
fT − x2F2 − 2x2yfT − x4y @@u
(
@f
@x
∣∣∣∣
x=0
)∣∣∣∣
u=x
)
;
where F2 is the contribution of UT (2).
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Those together with Lemmas 3.1–3.3 imply that
fT = 2x2yzf0fT + x3y
@f
@u
∣∣∣∣
u=x
+ 2y2ztfT + x2y2t
@
@u
(
@f
@x
∣∣∣∣
x=0
)∣∣∣∣
u=x
+
y
x2
(
fT − x2F2 − 2x2yzfT − x4y @@u
(
@f
@x
∣∣∣∣
x=0
)∣∣∣∣
u=x
)
:
This is equivalent to the following equation:
−
√
NfT =−x2yF2 + (t − 1)x4y2 @@u
(
@f
@x
∣∣∣∣
x=0
)∣∣∣∣
u=x
+ x5y
@f
@u
∣∣∣∣
u=x
: (13)
Since x =
√
 is a double root of N,
F2 =
{
(t − 1)x2y @
@u
(
@f
@x
∣∣∣∣
x=0
)∣∣∣∣
u=x
+ x3
@f
@u
∣∣∣∣
u=x
}∣∣∣∣∣
x=
√

:
Substituting this into (13) completes the proof of our Theorem C.
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